The aim of this paper is to experimentally characterize the liquid jet breakup unsteadiness in a coaxial air-blast atomizer. The current research focuses on the measurement of the fluctuations of the jet breakup length and the flapping instability of the liquid jet, which contribute to the downstream fluctuations of the spray characteristics. The optical connectivity technique was used to measure the instantaneous breakup length of the water jet. Also, time resolved shadowgraph images of the primary jet breakup process were captured by high-speed imaging to characterize the jet instabilities at different axial locations from the atomizer exit. Experiments were performed for a wide range of air-to-liquid momentum flux ratio (M) and aerodynamic Weber number (We g ) corresponding to membrane-and/or fiber breakup mode of the jet disintegration process. The mean jet breakup length was found to vary inversely with M through a power law relation in agreement with the literature, while the breakup length fluctuations were found to first decrease and then increase with M. In order to capture the unsteady dynamics of the jet breakup process, the proper orthogonal decomposition analysis of the optical connectivity images was performed. The jet flapping and the fluctuations of the jet breakup length were identified as the second and the third spatial proper orthogonal decomposition modes, respectively, for all operating conditions of the atomizer. The amplitude and the frequency of the instabilities were measured by temporal tracking of the liquid-air interface on the shadowgraph images. The disturbance close to the injector exit corresponds to the Kelvin-Helmholtz instability, while close to the jet breakup point the jet exhibits the flapping instability, which is characterized by lateral oscillation of the jet about the atomizer axis. The influence of the liquid jet Reynolds number and momentum flux ratio on the KH and the flapping instabilities are examined.
Introduction
Air-blast atomization of liquid fuel jets is a crucial stage in the overall combustion process in various aeropropulsion systems. The coaxial configuration for air and fuel flow passages in the atomizers is relevant especially to liquid propelled rocket engines and also important for fundamental understanding of the jet breakup. The quality of atomization as a consequence of the liquid jet breakup close to the atomizer exit and the downstream droplet-air mixing is intimately related to the flame stability, overall performance and pollutant emission. The detailed understanding on the jet breakup process is important for control on the droplet size and the spatio-temporal distribution of the liquid mass near the reaction zone downstream of the atomizer exit. It is well known that typically the atomization of liquid jets occurs in two stages: the primary breakup of the liquid jet near the atomizer exit and the subsequent secondary breakup of the arbitrary shaped liquid ligaments as well as the large droplets generated from the primary breakup further downstream. 1 In the primary breakup region, the shear force at the liquidgas interface is responsible for the disintegration of the Department of Mechanical Engineering, Thermodynamics and Combustion Engine Lab, Indian Institute of Technology Madras, Chennai, India liquid jet. [2] [3] [4] [5] [6] The extent of the primary atomization region is usually characterized by the jet breakup length, which is the length of the continuous liquid core corresponding to complete disintegration of the jet into droplets and ligaments. The liquid jet breakup length is typically few liquid jet diameters and in general, it depends on the liquid-gas relative velocity, the nozzle geometry and the physical properties of the two fluids 4, 7, 8 However, the primary breakup region can be additionally characterized by the unbroken length or liquid intact length referring to the axial location where breakup begins. 9 The primary breakup length is very important for the performance of the fuel injectors and also for the development of computational models of the atomization process for numerical simulation of sprays as it defines the beginning of the fully developed multiphase flow region. In past, several studies have reported measurement of liquid jet breakup length in air-blast atomizer. 1, 4, 8, [10] [11] [12] Most of these studies are based on the shadowgraphic visualization of the jet. However, the presence of a dense cloud of droplets and ligaments around the liquid core often prevents accurate probing of the primary breakup region. 13 In addition, the previous studies reported the mean jet breakup length based on identification of the breakup point either through visual inspection or image processing of an ensemble of images. However, the liquid jet disintegration process being highly unsteady, the instantaneous jet breakup length may vary substantially with time. According to Chigier and Farago 14 and Chigier and Reitz, 15 the jet atomization is often a pulsating process leading to a periodical temporal change in the spray characteristics (such as liquid volume flux and droplet number density) downstream of the atomizer even when the inlet liquid and atomizing gas flows are steady, oscillation-free and vibration-free. The unsteady flow of the liquid fuel mass into the combustion chamber can be of significance to practical issues such as the combustion instability. Hence, in addition to the mean breakup length, characterization of the jet breakup length fluctuations is also important since it indicates downstream unsteadiness within the spray. While only few studies have reported such measurements in the past (for instance, Charalampous et al. 16 ), a comprehensive study on the fluctuations of jet breakup length for a wide range of operating conditions of the atomizer is still lacking.
The disintegration of liquid jets in air-blast atomizers is a complex process. Depending on the operating flow conditions of the atomizer, the liquid jet is subjected to various instabilities including capillary, helical, Kelvin-Helmholtz (KH) instability, etc. and different mechanisms of breakup of the liquid core and ligaments have been identified in the earlier works. Such mechanisms are linked to the formation of disturbance waves on the liquid-air interface, which develop downstream of the injector and lead to the breakup of the liquid jet into ligaments and/or droplets after a critical waveform is reached. 1, 4, 14, 17, 18 Eroglu and Chigier 19 showed that the wave frequency near the nozzle exit increases with increasing the gas velocity. Villermaux et al. 20 identified the existence of low-frequency oscillations in addition to the KH frequency for velocity ratio of the annular fluid to the inner fluid more than six in their experiments. The studies on liquid sheets are also very relevant to understand the mechanisms of the instabilities. Villermaux and Clanet 21 showed that the sinuous unstable mode dominates over the dilatational mode of breakup of a liquid sheet. They also mentioned that the shear instability gave flag like motion to the liquid, thereby triggering Rayleigh-Taylor (RT) instability at the rim of sheet. Varga et al. 22 identified that close to the nozzle exit, due to amplification of the primary instability, the lateral segments of a liquid jet experience large acceleration in a direction perpendicular to their surfaces, making them susceptible to the RT instability. This mechanism is responsible for complete disintegration of the liquid jet into a fine spray within the potential cone of the large-diameter gas jet. Duke et al. 23 suggested two distinct physical sources of instability in liquid sheets, first being the well-known free shear instability, which is quasi-sinusoidal and nonlinear and the second being the nonlinear rupturing instability, which is modulated by the former. As far as primary breakup of liquid jets/sheets are concerned, there is no general consensus on the importance of RT in comparison to KH instability. Several earlier research works (for instance, Lasheras and Hopfinger 9 ; Varga et al. 22 ; Marmottant and Villermaux 24 ) suggest that the KH instability is mostly responsible for primary atomization. As mentioned earlier, the finite amplitude of waves on the jet surface as well as jet flapping may trigger the RT instability leading to the generation of droplets and ligaments. However, the possibility of combined action of both instabilities has been discussed by Vadivukkarasan and Panchagnula 25 who developed a three-dimensional temporal stability model for the growth of the instability and identified short wavelength helical mode when both KH and RT mechanisms are active on the cylindrical liquid jet. Recently, Matas and Cartellier 26 recognized the flapping instability as a mechanism leading to oscillation of the tail of the liquid jet near the breakup point. This largescale instability leads to generation of large liquid lumps near the breakup region. Odier et al. 27 did numerical study of a flapping liquid sheet and found that a vortical detachment of the high-speed air stream behind the interfacial wave modifies the pressure field around the sheet which results in the flapping of the liquid sheet.
In spite of significant efforts in the past, the physics of the jet breakup process is not yet well known, and thorough understanding on the mechanisms of the jet breakup process is essential. Especially, though it is well known that the breakup of the liquid jet is a highly unsteady process, it's consequence on the spatiotemporal distribution of drop size, velocity, number density and liquid mass flux downstream of the atomizer is not yet well understood. However, for this purpose, detailed characterization of the jet breakup unsteadiness is essential. In the present paper, the focus is on the above, in particular, characterization of the jet breakup length fluctuations and flapping instability of the jet. Although the experimental correlations for the mean jet breakup length are available from the earlier works, any quantitative discussion on the fluctuation of the jet breakup length is not available. Similarly, there is no general consensus on the injector operating conditions susceptible to intense jet flapping. Thus, we have selected an atomizer for which a good account on the average jet breakup characteristics and some of the mechanisms of jet instabilities are available in the literature such that these can provide a reference compared with our new findings. In order to eliminate the influence of liquid evaporation, heat exchange and chemical reactions on the breakup process, the experiments were conducted under atmospheric conditions with water and air as the working fluid. The instantaneous jet breakup length was measured by the so called optical connectivity (OC) technique, which is advantageous in comparison to the conventional shadowgraph visualization since the liquid core region can be imaged specifically excluding the surrounding ligaments and droplets such that the jet breakup length can be measured with better accuracy. The mean as well as the fluctuations of the jet breakup length were measured over a wide range of the air-toliquid momentum flux ratios. The proper orthogonal decomposition (POD) analysis of the OC images was carried out to understand the dynamics of different modes of the jet breakup process. The high-speed shadowgraph images were also captured to track the time dependent liquid-air interface at different axial locations downstream of the nozzle exit in order to characterize the dominant instability at those locations.
The paper is organized as follows. Section 2 includes the description of the experimental arrangement and the optical techniques used in the present study also give a brief overview on the image processing and the POD analysis. Section 3 presents the results on the measurement of liquid core region by the OC technique. The characterization of the jet instabilities by the high-speed shadow imaging appears in the same section. A summary of the work and the conclusions can be found in Section 4.
Experimental method

Air-blast Atomizer
A coaxial air-blast atomizer is considered (Figure 1 ) which incorporates a central metallic tube to allow the flow of the liquid to be atomized, while the atomizing air flows in a surrounding concentric annular passage. The air and the liquid jets interact only beyond the exit of the atomizer. The basic design of the atomizer is similar to Hardalupas and Whitelaw 28 and Engelbert et al. 5 The inner diameter of the central tube is 3 mm, whereas its outer diameter is 6 mm, respectively. A liquid jet of diameter, D l , equals to 3 mm is issued at the atomizer exit. Around the central tube, the annular region (outer diameter, D o ¼ 15 mm, inner diameter, D i ¼ 6 mm; annular gap is 4.5 mm) provides air at much higher velocity than that of the liquid jet. The area contraction ratio for liquid is 28.4, and that for air passage is 17.1, respectively. An annular holder with straight vanes is used to support the central tube carrying the liquid. The atomizer was operated under atmospheric pressure and temperature conditions, and water and air were used as the working fluids.
Operating conditions of the atomizer
The non-dimensional numbers describing the atomizer operating flow conditions are the liquid flow Reynolds number (Re l ), aerodynamic Weber number (We g ) and air-to-liquid momentum flux ratio (M), which are expressed below
where U represents the average fluid velocity at the atomizer exit, and , and are the density, kinematic viscosity and surface tension of the fluids respectively. The subscript 'g' and 'l' under any quantity denote air and liquid, respectively. The volume flow rates of air and liquid were measured with respective rotameters. The average liquid and gas velocity (U l and U g ) at the nozzle exit were calculated by dividing the volume flow rate by the cross-sectional area of their respective flow passages.
The atomizer is operated under 12 different flow conditions as outlined in Table 1 . The relevant nondimensional numbers for each flow condition are also shown in Table 1 . The experiments are performed for a wide range of Weber number, We g (80-300) and momentum flux ratio, M (1-8). The Re l of the liquid jet is 3000-5000.
Optical arrangement and image processing
In the present experiments, the liquid core region during the primary breakup of the liquid jet was characterized by the application of the OC technique, while the high-speed shadowgraph technique was used for the time resolved visualization of the jet breakup process.
The principle of the OC technique is based on imaging the laser-induced fluorescence (LIF) emitted from a stream of liquid doped with a suitable dye. 13 The technique takes advantage of the higher refractive index of the liquid in comparison to the surrounding air such that when the incident angle of the laser beam is greater than the critical angle for the total internal reflection, the laser beam is internally reflected in the liquid stream completely and propagates downstream for a long distance while being contained within the stream. Beyond the point of liquid discontinuity due to the jet breakup, the laser beam is diffused and its intensity is significantly reduced. This way, specifically the primary breakup region can be imaged by using a suitable optical filter specified by the wavelength of the emitted fluorescent light. A comparison of the liquid jet breakup length measurement by the OC technique with other approaches such as shadowgraphy and electrical connectivity techniques can be found in Charalampous et al. 29 Charalampous et al. 16 reported the application of the OC technique for measurement of the threedimensional location of the liquid core of the continuous liquid jet by simultaneously imaging from the two different directions. Heilig et al. 30 applied the OC technique for the jet intact core length measurement in a multi-hole diesel injector. As the laser light was guided through an optical fiber into the injector to internally illuminate the jet(s), some modification of the injector was essential.
A schematic of the optical setup for the OC technique is shown in Figure 2 . A pulsed Nd:Yag laser (Quantel, EverGreen:145 mJ/pulse at 532 nm; 5 mm beam diameter) was used to internally illuminate the liquid jet. The horizontal laser beam was diverted in perpendicular downward direction using a mirror. The atomizer has a provision to allow the laser beam from the top (see Figure 1 ) to illuminate the water in the central tube. Unlike Charalampous et al., 13 no laser guide tube was used so that the internal flow modification within the atomizer is avoided. The water was tagged with the Rhodamine 6 G dye such that when the liquid jet is illuminated with the 532 nm green laser beam, the dye fluoresces. The fluorescent light is red-shifted (with peak at 555 nm), which was imaged by a CCD camera (PCO Pixelfly: 14 bit, 1040 Â 1392 pixels 2 ). A long pass filter is used to suppress the scattered light from the liquid jet. The images were captured at the resolution of 45 mm=pixel. The OC technique is advantageous in comparison to the conventional shadowgraphy technique for primary breakup length measurement since the continuous liquid jet can be visualized without significant interference from the surrounding droplets or ligaments. Since Table 1 . Operating flow conditions for the coaxial air-blast atomizer and the corresponding non-dimensional numbers. the detached liquid masses in the vicinity of the liquid core often obstruct the observation of the breakup point in normal shadowgraphy visualization, it may lead to significant error in the measurement of breakup length as demonstrated by Charalampous et al. 29 However, under rigorous atomizing conditions (very high air flow rates), the liquid surface becomes irregular, fluid constrictions may appear, and also multiple scattering of light from the liquid core is possible. Thus, the liquid core does not act like a perfect guide for the light in such cases. 31 However, since shorter liquid core can be successfully illuminated by the OC technique, its application is still advantageous in comparison to the shadowgraphy technique. The LIF images from the OC technique are processed to measure the instantaneous breakup length of the liquid jet (L) as shown in Figure 3 . For this purpose, the average fluorescent intensity of each row of an image is calculated, which reduces the downstream of the nozzle exit ( Figure 3 ). The axial location where it is below a threshold value identifies the jet breakup point, and the corresponding axial distance from the nozzle exit measures the breakup length. The threshold value is decided such that close to the breakup point, there is sharp reduction in the intensity values. In the present case, this threshold value for an image was set to be 8% of the fluorescent intensity at the nozzle exit. This way the thresholding intensity is not constant and varies with the image under consideration. Thus, the technique is not sensitive to shot-to-shot variation in the power of the laser. 13 For each flow condition, the mean jet breakup length ( L) is calculated. Also, the fluctuations of the jet breakup length (l ¼ L À L) are determined and the corresponding root mean square (rms) value, denoted as l r , is calculated. For each experiment, sufficient LIF images are captured, which ensured statistical convergence. A sensitivity analysis was carried out to examine the influence of the choice of the thresholding on breakup length measurement. It is found that increasing the threshold two times results in the reduction of L and l r by 10% and 15%, respectively, while reducing the threshold to half of the selected value increases L and l r by 15% and 20% respectively. However, the overall trend of either L or l r with respect to We g or M was found to remain unchanged. This ensures reliability of the employed image processing method.
Flow conditions
We note here that the OC technique is suitable for imaging specifically the liquid core region during the primary jet breakup. In addition, due to low repetition rate of the employed laser in our experiments, the timevarying characteristics of the jet breakup process cannot be studied. Thus, in order to examine the jet instabilities during the breakup processes, high speed shadowgraph images were also captured. For this purpose, the spray was back-illuminated with an LED lamp. A Photron Fastcam Mini UX 100 camera was used for the visualization of the primary breakup process of the liquid jet. The images were acquired at the rate of 5000 frames per second (fps) for the flow conditions 1, 2 and 3 as shown in Table 1 and at 10,240 fps for the rest of the flow conditions. The image resolution was about 48 mm=pixel. The frame rate of image acquisition was higher for higher air flow rates and selected such that the time-resolved imaging of the jet breakup process was always ensured. For all cases, the camera exposure time of image acquisition was 5 s, which is smaller than the minimum time scale of the air flow at the atomizer exit (corresponding to the maximum air flow rate considered in the present experiments). This ensured that the shadowgraph images can be safely assumed to be ''instantaneous''.
POD
The POD is a powerful mathematical tool for data analysis. POD essentially describes a given statistical ensemble with a minimum number of basis functions or deterministic modes. The literature on the application of POD for image analysis is already rich. In fact, POD has become a standard tool for image analysis for liquid jet/sheet atomization studies, and several research works have been reported in this area. [32] [33] [34] [35] [36] Hence, only a brief overview on POD is presented below. In the present work, the POD modes were calculated following the method of snapshots described by Sirovich. 37, 38 Let 'I i ' represents the intensity of an instantaneous image corresponding to i th time instant. The intensity is spatially described over Q data points for each image. The POD of an ensemble of such images (with P number of sample images) leads to extraction of the spatial modes, j ðxÞ such that any image I i can be expressed as a linear summation of the modes according to the following equation
where 'x' and 't' are the independent variables denoting space and time respectively, i ¼ 1 to P, j ¼ 1 to r and r < P. j ðxÞs are the orthogonal eigenvectors, which are the spatial POD modes as mentioned earlier and j s are the corresponding eigen values. The eigen values are arranged in a decreasing manner ( 1 4 2 4 3 . . .) such that the eigen contribution ( j /> P j ) for the first mode, i.e. 1 is the maximum, followed by the eigen contribution of the second mode, i.e. 2 and so on. a ij (t) are the temporal coefficients of a mode j (x) A POD mode essentially represents an ensemble averaged feature of the whole ensemble, while the corresponding coefficients (
. ., P, respectively. The power of POD lies in the fact that number of modes required to describe an image is the minimum, in other words, 'r' is the minimum so that the first few modes capture the most important spatial features of the flow.
From equation (4) the mean image ( IðxÞ) can be expressed as
where IðxÞ is the mean image, and j (¼ a ij ) is the average of coefficients for mode j ðxÞ.
Hence, in such case, the first mode can be assumed to represent the mean image. This leads to
Hence, for the above case, the higher POD modes (second mode onwards) are indicative of the fluctuations relative to the mean and represent the dynamic features.
3. Results and discussion 3.1. Modes of liquid jet breakup in the air-blast atomizer Figure 4 shows some instantaneous shadowgraph images of the liquid jet for four different operating flow conditions as examples. According to the morphological classification of disintegrating coaxial air-water jets based on the We g À Re l map described in the literature, the jet breakup mode in the current experiments (3000 5 Re l 5 5000 and 80 5 We g 5 300) falls into the fiber breakup regime 14 or either membrane or fiber breakup regime. 9 While, this is in good agreement with our shadowgraph visualization for the upper range of We g in our experiments (Figure 4(c) and (d) ), for the low range of We g (Figure 4 (a) and (b)), both membrane breakup and fiber breakup are simultaneously observed. We note that the consequence of the differences in the nozzle geometry in the above works and the present case has not been considered in the above comparison. Recently, Zhao et al. 8 analyzed the influence of atomizer exit area ratio on the breakup morphology of the water-air jets. Following the breakup morphology suggested by these authors based on a modified M À We g map (which accounts for the exit area ratio), it is found that for the low range of We g , the jet breakup mode is within the membrane-fiber breakup regime, which is considered as the transition breakup regime between the bag-type and fiber-type breakup mode of the liquid jet. 8 Formation of fiber and their peeling off the main liquid core are prominent for the upper range of We g (Figure 4(c) and (d) ). When the liquid flow rate is higher for the same air flow rate, the liquid core is longer and tends to be sinusoidal. Figure 5 shows some instantaneous images of the liquid jet breakup measured by the OC technique for the same operating flow conditions as in Figure 4 . Note that unlike the shadowgraph images, the OC images show only the unbroken liquid core region, while the detached liquid mass in the downstream region is not visible. Also, in contrast to the shadowgraph images, the liquid-air interface is sharp and identifying the breakup point is less ambiguous. The instantaneous images in Figure 5 also indicate the mean breakup length identified by the dotted horizontal lines. It can be observed that for a given injector operating condition even when the air and liquid flow rates at the atomizer inlet are constant, the liquid intact region (i.e. the axial distance from the nozzle exit up to the location where the jet diameter remains nearly same as the initial diameter at the nozzle exit) as well as the overall structure of the jet core vary significantly from one-time instant to other. Also, for all flow conditions, the wavelength of the interface instability is different at different time instants, and the liquid core length is sometimes larger or smaller relative to the mean breakup length. In addition, the jet is observed to flap to either side of the jet axis ( Figure 5 ). Further downstream of the injector exit, such unsteadiness can lead to spatial and temporal fluctuations of liquid mass and volume flux, which influence the ability of the liquid fuel to react and release heat and are important for the stability and extinction of the flames. The mean breakup length is typically three to six times the liquid jet diameter at the atomizer exit. As expected, the mean breakup length decreases for higher air flow rates and the same liquid flow rate, and increases with Re l when the air flow rate is held constant. Thus, both We g and Re l are required to describe the jet breakup length. In contrast, as shown in Figure 6 (b), a monotonic decreasing trend for the mean breakup length is observed for the higher momentum flux ratio, M. Earlier research works 1, 5, 12, 26 also reported that the mean jet breakup length can be described by a single parameter, i.e. M. The correlations for the mean breakup length were obtained by curve fitting on the experimental data in Figure 6 (a) and (b). The error in the curve fitting is within 8%. Table 2 presents the comparison of the present experimental correlations with those from the previous studies (which are based on shadowgraph measurements). In general, the overall trends of L versus We g or M in the present study are in good agreement with the literature as similar power law relations are obtained (Table 2 ). However, in comparison to the earlier studies, in the present case, the coefficients and the exponents in the correlations are smaller and the measured mean breakup length is consistently lower. Charalampous et al. 13 have also reported similar observations based on their jet breakup length measurement by the OC technique and attributed this to the overestimation of jet breakup length in the shadowgraph image evaluation, as a result of hindrance caused by of the products of atomization.
Fluctuations of jet breakup length.
According to the earlier works using similar coaxial atomizer as ours, it has been observed that the Sauter mean diameter (SMD) of the spray droplets is inversely proportional to the velocity ratio, U g =U l , 3, 28 while the mean jet breakup length is inversely proportional to the momentum flux ratio (¼ U ). This means the shorter mean breakup length corresponds to smaller average droplet size. Thus, the mean jet breakup length carries the signature of the quality of atomization, and the variations in the instantaneous jet breakup length may correspond to the fluctuations of the size and number distribution of the spray droplets downstream of the atomizer. Hence, the fluctuations of jet breakup length must be characterized and the atomizer operating conditions for which the fluctuations are important relative to the characteristic jet breakup length must be identified. respect to We g . It is observed that for larger Re l , the breakup length fluctuations relative to mean is about 10% for the considered range of We g . However, when Re l is lower (Re l ¼ 3178), the ratio is higher implying higher unsteadiness in the jet breakup process. Figure 8 (b) shows l r = L versus the momentum flux ratio, M. Similar to the mean breakup length, it seems the breakup length fluctuations can also be uniquely characterized with M. However, the trend is non-monotonic unlike the L=D l versus M plot as shown in Figure 6 (b). Figure 8 shows that when Re l is low, the fluctuations of the breakup length show a monotonic increasing trend with the gas phase velocity indicating higher unsteadiness. However, for liquid Re l , as the gas velocity is made higher, the fluctuations of the breakup length initially decrease and then increase. Interestingly, the minimum fluctuations are observed for M around 3 and We g around 150. While for higher M, the higher unsteadiness in the jet breakup process is expected, we are unable to explain at present the opposite effect for large Re l . Possibly, more experiments for wider range of M are required to explain the observed minimum in the above figure. But as M is increased, it is found that l r = L increases monotonically. The ratio is about 20% for the highest M considered in the present experiments (We g ¼ 297.2 and M ¼ 8. 3) indicating that the vertical fluctuation in breakup length is enhanced at high momentum flux ratio.
POD analysis of OC images
In order to capture the dynamics of the liquid jet breakup in greater detail, POD analysis of the OC images was carried out following the method described in the section 2.4. The POD results corresponding to the four operating flow conditions (same as in Figures 4  and 5 ) are presented in Figure 9 which depicts the first three POD modes for each case. The eigen contributions of the POD modes (¼ j = P j ), which signify the energy content of the modes, are shown below in the respective modes. Figure 9 also shows the mean OC images for the considered flow conditions. The numerical values in each mode are normalized with respect to the corresponding maximum value such that the scale for the first mode is in the range of 0 À 1, and the scale for the second and third modes is in the range of À1 À 1 . It can be observed in Figure 9 that for all the cases, the first POD mode is qualitatively much similar to the mean image. In addition, the axial location (measured from the injector exit) where the numerical value within the first POD mode is about 10% of the value at the injector exit, is close to the mean breakup length Note: A l and A g are the cross-sectional area for the liquid and air flow, receptively, at the exit of the atomizer. In the present study, A l /A g is 0.048. Incorporating this value in the correlation by Zhao et al. 8 following equation is obtained:
measured by the OC technique based on the thresholding of 8% as explained in the section 2.3. The similarity between the first POD mode and the mean OC image can be explained on the basis of the significant eigen contribution (about 80%) of the same mode for all operating conditions of the atomizer. Since for all the flow conditions, the average of the coefficients of the first mode is found to be much larger than those for the rest of the modes, i.e. 1 ffiffiffiffiffi 1 p ) j ffiffiffiffi j p for j ! 2 and the average coefficients for higher modes (second mode onwards) are close to zero ð j % 0Þ : j 4 2, hence as per equation (6), the first mode can be assumed to represent the average characteristics of the liquid core region and the rest of the modes characterizes the unsteadiness in the jet breakup process. Note that in Figure 9 , the eigen contribution of the first POD mode is higher when U g is higher at the same U l , for example, compare Figure 9 (a) and (b) or Figure 9 (c) and (d). This is usually unexpected since this suggests reduction in the jet unsteadiness for higher gas velocity while the liquid velocity is held constant. However, such comparisons are not plausible since the eigen contribution of the first mode depends on the degree of spatial variability present in the images. The lower is the spatial variability in the images, the higher is the eigen contribution of the first mode. In other words, the eigen contribution of the first mode is 100% for the hypothetical case for which the jet core image does not vary with time. Since the spatial resolution of the OC images is the same for all operating flow conditions, thus the small scale variations (which are prominent when the liquid-air relative velocity is higher) are spatially averaged, and, so, the eigen contribution is higher. Hence, the higher eigen contribution of the first mode for higher air flow rate at the same liquid flow rate as observed in Figure 9 is due to the spatial resolution in the images rather than the flow dynamics. However, in the present work, the focus is on the trend of the eigen contribution of second and third POD mode with respect to the momentum flux ratio. It is reasonable to compare the eigen contributions of the second and third modes for different flow conditions since such mode represents the fluctuations about the mean image and represents specific dynamic features. In fact, we verified the above by reducing the spatial resolution (binning the OC images), and as a consequence, the eigen contribution of the first mode was found to be higher, while no significant variation was observed for the next two modes. The eigen contribution of the second POD mode is about (2-3)% for all atomizer operating conditions. This mode shows the presence of a positive and a negative lobe located away from the atomizer exit and on either side of the atomizer axis. As mentioned earlier, the average of the modal coefficients is nearly equal to zero, i.e. P a i2 % 0. Hence, depending on the sign of the coefficients (a i2 ) for the second POD mode being positive or negative, the mode indicates the presence of the jet core on either side of the axis of the atomizer. It was also found that for any operating flow condition, the axial location of the center of either the positive or the negative lobe in the second mode is close to the mean jet breakup length for that flow condition. The above results point out that the second mode represents the lateral oscillation of the tail end of the jet indicating the flapping instability of the jet. Also, the jet flapping on either side of the axis of the injector is equally probable. In fact, the jet flaps around the spray axis, the symmetry in the second mode is due to the two-dimensional imaging in the present experiments. Also, interestingly, the topology of the second POD mode is very similar for all the cases (including those not shown in Figure 9 ) implying that the flapping instability is inevitable for all the operating conditions of the atomizer. However, the eigen contribution of the second mode is proportional to the momentum flux ratio, M as shown in Figure 10 (a). Also, it increases sharply with respect to M when the jet Reynolds number is high.
Since the second POD mode represents the lateral displacement of the jet, it does not contribute to the axial variation of the jet core length. However, the third POD mode shows that the modal values are alternately negative and positive along the axis of the atomizer, and also P a i3 % 0. This suggests that the third mode represents the fluctuations of the jet breakup length. The variation of the eigen contribution of the third mode with respect to M is shown in Figure 10(b) which is similar to the plot of l r = L versus M in Figure 8(b) . Also, similar to the second POD mode, the basic topology presented by the third mode was found to be similar for all operating flow conditions in spite of the large differences in the momentum flux ratios and the mean breakup lengths.
The higher POD modes (fourth mode onwards) show small scale variations in the jet core structure, which is not only due to the jet dynamics but may also result, for example, from the differences in the imaging due to shot-to-shot variation in the laser power or background intensity variation etc. Moreover, the eigen contributions of those modes are less than 1%. Hence, those modes are not presented here. Also, it was found that unlike the second and third POD modes, the topology of those modes is not unique, rather varies for different operating flow conditions. It can be observed in Figure 9 that the background intensity is close to zero in the first POD mode, which corresponds to the mean image. The higher modes represent the fluctuations of the intensity around the mean. Hence, some fluctuations of the background intensity are also captured in the second and third POD modes. However, the modal values corresponding to those regions are close to zero and much smaller than the values at the region of interest, i.e. positive and negative lobes representing jet flapping in the second mode and vertical breakup length fluctuation in the third mode. Hence, the background features in those modes are not important.
Characterization of liquid jet instabilities using high-speed imaging
As mentioned earlier, due to low repetition rate of the laser, the LIF images of the liquid core region in the OC technique are not time resolved. Hence, some important dynamic features of the liquid jet instability such as the jet flapping cannot be discerned in greater detail. Hence, high-speed shadow images of the jet breakup region close to the atomizer exit were captured for different injector operating conditions as outlined in Table 1 . The amplitude and the frequency of the interfacial disturbances are characterized by temporal tracking of the liquid-air interface at two different axial locations (z ¼ D l and L À D l ) downstream of the atomizer exit as demonstrated in Figure 11 and explained below. The instantaneous right-and left-interface positions about the injector axis are denoted as y R and y L , respectively. It is noted here that, while at z ¼ D l , y R and y L are always positive and negative, respectively, at z ¼ L À D l , y R (or y L ) can be either positive or negative depending on the position of the right (or the left) interface relative to the injector axis. Thus, when the ratio y L =y R is close to 'À1', the position of the interfaces is symmetrically located about the injector axis.
1. Measurement at z ¼ D l : The purpose here is to identify the frequency of the most unstable disturbance close to the atomizer exit. Figure 11 shows an example of the time-varying right interface position at z ¼ D l . It was found that y R % y L such that the ratio y L =y R is close to 'À1' as shown in Figure 12 (a) indicating axis-symmetric disturbances close to the atomizer exit. Also, the power spectra for both y L and y R , obtained by taking Fast Fourier transforms (FFT) of the signals, are similar. This suggests that the peak amplitude in the power spectrum corresponds to the shear driven KH instability in agreement with Marmottant and Villermaux 24 and Matas and Cartellier, 26 who also reported similar results in their measurements close to the atomizer exit. The corresponding frequency is denoted as f KH .
The purpose here is to identify the mechanisms of the jet instability in particular, the flapping instability, which has been found to be dominant near the jet breakup location 26 away from the atomizer exit. Thus, the time varying-liquidair interface location downstream of the injector exit at z ¼ L À D l was considered. The selection of this location is justified since this corresponds to the axial locations of the center of the positive or negative lobes observed in the second POD mode, which represents the jet flapping as explained earlier.
As observed in Figure 12 (b), the histogram of the ratio y L =y R was found to be much broader and the ratio considerably deviates from 'À1' signifying asymmetric location of the interface about the atomizer axis. Especially, the positive values of the ratio y L =y R indicate that both left and right interfaces are on the same side of the injector axis (for example, see the shadowgraph image in Figure 11 ), which means flapping of the tail end of the jet. However, the power spectrums of both y L and y R were similar. The frequency corresponding to the maximum amplitude in the power spectrum corresponds to the flapping instability of the jet and is denoted as f flap . shadowgraph images are shown in Figure 4 . In order to filter out the high frequency noise from the signal corresponding to time-varying liquid-air interface location, similar to Matas et al., 40 the signal was split into 20 segments and the average spectrum is obtained. The number of segments was decided as a trade-off between the frequency resolution and the signal conditioning. In the present case, the resolution of the measured frequency was 10 Hz for the images taken at 5000 fps, while it was about 20 Hz for the images taken at 10240 fps. In general, the amplitude of the spectrum is higher for the location away from the injector exit, where the deflection of the liquid-air interface is larger in comparison to the near nozzle location. Also, it is observed that the two spectrums are closer for higher momentum flux ratio. For the low momentum flux ratio (M¼1.1), multiple peaks with nearly equal amplitude appear in the power spectrum especially for the near nozzle location at z ¼ D l . It was found that for any flow conditions, the power spectrum does not vary much when the axial location is varied in the range z AE D l . Figure 14(a) shows the variation of f KH with respect to the inlet gas velocity, U g . It is observed that for the considered range of U g and U l , f KH is proportional to U g and weakly dependent on the liquid Reynolds number, Re l . Thus, higher the gas velocity U g , higher is the waviness on the liquid jet interface since the interfacial waves of smaller wavelength are formed. Lasheras et al. 1 found that the frequency of the disturbances close to the atomizer exit is proportional to U 2 g and U g depending on the liquid inlet flow being laminar and turbulent respectively (Re l smaller and larger than about 2000). Since in the present case, Re l 4 2000, our results are in agreement with Lasheras et al. 1 In order to compare the time scale of the initial disturbances with the liquid flow time scale at the nozzle exit, the Strouhal number (St l ) is defined as below initial disturbances grow slowly in comparison to the liquid flow rate at the near nozzle location. This is possibly due to the liquid boundary layer developed within the central tube in the atomizer. At the nozzle exit and near the inner wall of the central tube, the liquid velocity is nearly zero. Thereafter, the liquid accelerates downstream due to interaction with the surrounding high-speed air flow. Figure 14 (b) further shows that St l is proportional to the momentum flux ratio, M. The Strouhal number approaches 'one' as M is higher since the liquid near the jet interface accelerates quickly such that the time scale of the instability and the liquid flow is of similar order. Earlier, Chigier and Dumouchel 41 identified the necessity to take into account, the velocity profile relaxes in the downstream of the injector exit. Thus, it is important to consider the effect due to the boundary layer in the fluids (which develop within the atomizer) in the analysis and simulation of the jet breakup process. Our experimental results are in good agreement with the above assertion. It is noted that the Strouhal number can also be defined based on the average gas velocity at the exit of the
In such case, its trend with respect to M (not shown here) is similar to Figure 14(b) . However, the Strouhal number is much smaller and in addition, the influence of Re l is higher in comparison to Figure 14(b) . Figure 14 (c) and (d) presents the mean and the standard deviation of the right interface (denoted as y R and y,R , respectively) at location z ¼ D l for different momentum flux ratios. Both quantities are normalized with the inlet jet radius 0:5D l . The mean interface location is proportional to M and depends weakly on the liquid jet Reynold number, Re l . While y R is nearly equal to the jet radius when the momentum flux ratio is low (M % 1) as expected, for higher M, the jet expands in the lateral direction. For example, the jet diameter increases by about 50% for M % 8. Also, a substantial increase in the fluctuations of the interface location is observed for higher M (Figure 14(d) ) indicating the disturbances of larger amplitude. The radial expansion of the jet and the larger interface perturbations at higher momentum flux ratio is due to the existence of a gas cavity near the central region of the jet. The origin behind such gas cavity has been attributed to recirculation of the air flow. 1 In contrast to Figure 14 (c), the measurements at z ¼ L À D l location (Figure 15(a) ) indicate that though the mean interface location is proportional to M, it strongly depends on Re l and the effect is significant when Re l is higher. For example, for Re l ¼ 4767, the mean interface location was about two times the jet radius when the gas velocity is maximum (flow condition 12 in Table 1 ). The fluctuations of the interface location are observed to vary inversely with M (Figure 15(b) ). This is again in contrast to the results obtained for the near nozzle location at z ¼ D l in Figure 14(d) . However, the jet breakup length ( L) reduces for higher M, and the quantities y R = L and y,R = L were found to be proportional to M and nearly independent of the Re l (not shown here). At the axial position z ¼ L À D l , the mean and the standard deviation of the interface location was, respectively, about 10-20% and 10% of L. This means that a different scaling is necessary to describe the amplitude of the disturbances near the breakup point in comparison to the same at the near nozzle location. This is again in agreement with Chigier and Dumouchel 41 and suggests that a different mechanism of jet instability is in action downstream of the jet exit near the breakup location.
The disturbances generated near the nozzle exit grow further downstream of the injector exit leading to the breakup of the liquid jet. According to Matas and Cartellier, 26 when the liquid jet breakup length is larger than the potential core length of the annular gas flow, the liquid jet near the breakup point exhibits lateral oscillations with amplitude comparable to the inlet jet diameter at the atomizer exit. This leads to breakup of the liquid jet in to larger ligaments. The above authors termed it as the 'flapping' instability, which is different from the shear-driven KH instability. As the gas velocity is higher, the gas potential cone length increases 42 and the liquid jet breakup length decreases, which results in reduction of the amplitude of large scale oscillating waves. In the present experiments, the flapping frequency (f flap ) measured at z ¼ L À D l is found to be proportional to the gas velocity in agreement with Matas and Cartellier. 26 However, it is observed in Figure 15 (c) that for higher gas velocity, f flap is larger when the liquid Reynolds number is large (Re l ¼ 4767). Also in the plot f flap versus M (not shown here), it was found that the rate of increase of the flapping frequency with respect to M is higher for the liquid flow with larger Reynolds number. This concurs with our earlier finding in Figure 10 (a) which shows a sharp increase in the eigen contribution of the second POD mode (which depicts the jet flapping) for the highest Re l . Thus, unlike the KH instability which is mostly governed by the gas flow velocity, the liquid flow rate additionally influences the flapping instability. The comparison of the frequencies of both instabilities is of interest. Figure 15 (d) presents f flap =f KH for different momentum flux ratios. It can be observed that f flap > f KH for low M, and the ratio is smaller and close to 'one' as M is higher. For the lowest momentum flux ratio (M % 1) in the present experiments, f flap is more than two times of f KH . This suggests that a different mechanism is responsible for the flapping instability of the jet. In their numerical study of a plane liquid sheet sheared by a high-speed stream, Odier et al. 27 identified that the coupling between the low pressure area on one side of the sheet (due to vortex detachment) and the high pressure area on the other side (as it acts as an obstacle for the high-speed stream) is responsible for the flapping of the liquid sheet. However, due to the differences in the geometric configuration of a coaxial jet and a sheet, there is no preferential orientation of the plane of the flapping of the jet (corresponding to the lateral oscillation of the jet) as in the case of the liquid sheet, since in the case of former, it may randomly change with time. 26 Thus, there is yet no general consensus if the same mechanisms for flapping of a liquid sheet are also responsible for the jet flapping. We note that in their experiments, Matas and Cartellier 26 found that the flapping frequency is smaller than the KH frequency. However, in their experiments, the ranges of gas and liquid velocities were lower as compared to our experiments. Also, the flapping frequency was measured at 10D l location from the atomizer exit for all cases, while in our case, this location is according to the liquid jet breakup length corresponding to the operating flow condition of the atomizer.
We note that the initial turbulence intensity of the air flow, air recirculation at the nozzle exit and the shear layer due to interaction of the air flow with the ambient air, influence the jet instability and breakup of the liquid jet. For instance, the flapping of the jet is a large scale instability, which is expected to be governed by the energy containing large eddies of the air flow. However, any quantitative discussion on the above requires characterization of the air velocity in presence of the liquid jet, which has not been measured in the current experiments. Especially, planer measurement of velocity and vorticity fields of gas phase in the vicinity of the liquid jet can provide useful information on the dynamics of the jet breakup process. However, our current effort is in that direction.
Conclusions
The primary breakup of liquid jet in a coaxial air-blast atomizer was experimentally characterized with emphasis on the measurement of the fluctuations of the jet breakup length and the flapping instability. Such instabilities during the jet breakup process may cause 
